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ON BAIRE-1/4 FUNCTIONS

VASSILIKI FARMAKI

ABSTRACT. We give descriptions of the spaces D(K) (i.e. the space of differ-
ences of bounded semicontinuous functions on K) and especially of By ,4(K)
(defined by Haydon, Odell and Rosenthal) as well as for the norms which are
defined on them. For example, it is proved that a bounded function on a met-
ric space K belongs to Bl/4(K) if and only if the wtP-oscillation, osc,, f, of f is
bounded and in this case || f|l1/4 = || [ f| +05cw flloo. Also, we classify By 4 (K)
into a decreasing family (S¢(K))1<¢<w, of Banach spaces whose intersection
is equal to D(K) and S1(K) = Bj4(K). These spaces are characterized by
spreading models of order £ equivalent to the summing basis of c¢g, and for
every function f in S¢(K) it is valid that osc,¢ f is bounded. Finally, using
the notion of null-coefficient of order £ sequence, we characterize the Baire-1
functions not belonging to S¢(K).

INTRODUCTION

In recent years the study of the first Baire class, By (K), of bounded functions
on a metric space K led to the definition of interesting subclasses ([H-O-R], [K-L],
[F1]). The study of these subclasses revealed significant properties of their elements
([C-M-R], [R2], [F1], [F2]) and provided applications, such as the co-dichotomy
theorem of Rosenthal ([R1]).

Here we study some subclasses of D(K), and especially By /4(K), of B1(K). By
D(K) is denoted the class of all functions on K which are differences of bounded
semicontinuous functions. A classical result of Baire yields that f € D(K) if and
only if there exists a sequence (f,,) of continuous functions on K satisfying

(1) Sggz |[fo(@)| < oo and f =" fu.

The class D(K) is a Banach algebra with respect to the || - || p-norm defined as

[fllp = inf SEEZ [fn(@)] : (fn) © C(K) satisfying (1)

The subclass By ,4(K) was first defined in [H-O-R] as follows:

Bi/4(K) ={f: K — R : there exists (I,) C D(K) such that || F}, — f|lc — 0
and sup | Fp|p < oo}.
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This class is a Banach algebra with respect to the [| - ||, /4-norm, given by

1l e = inf {sup|Fn|D : (Fa) € D(K) and [ Ey — flloo — o}.

In the first section we describe the precise connection between the summing basis
(sn) of ¢o and the normed space (D(K),|| - ||p); so it is proved in Proposition 1.1
that f € D(K) if and only if there is a sequence (f,,) of continuous functions on K
so that f, — f pointwise and there is C' > 0 such that

k k
D A D s
i=1 i=1

for every k,n1,... ,ni € N and scalars A\q,..., .
If this occurs then

I1fllp = inf{ C'>0: there exists (fn) C C(K) satisfying (2) } .

(2) <C

o0

Since for every sequence of continuous functions defined on a compact metric
space K and converging pointwise to a discontinuous function, there exists a sub-
sequence (f,) and g > 0 such that

k k
Z)\isi Z)\zfm
=1 i=1

for k,ny,...,n, € N and scalars Aq,..., A, ([H-O-R], [R1]), it follows that the
functions in D(K) \ C(K) (K compact) are characterized as pointwise limits of se-
quences of continuous functions equivalent to the summing basis of ¢y (Remark 1.2).
In the case of By/4(K), where K is a compact metric space, the functions are
characterized as pointwise limits of sequences of continuous functions on K with a
property weaker than (2), namely one for which the inequality (2) is valid only for
(n1,...,ng) in the Schreier family F; (Theorem 2.1). Moreover, if we set

(3) 1 <

o0

IfIL = inf{ C > 0 : there exists (f,) C C(K) such that f, — f
’Zf:l Aifn; LO <c HZ?:l Aisi

(n1,...,n;) € F1 and scalars Ay, ..., A },

pointwise and for every

then ||-||3 is a norm on By /4(K) equivalent to the norm |- ||1 /4. This answers in the
affirmative a question raised by Haydon, Odell and Rosenthal in [H-O-R]. From
this result and (3) we have the characterization of functions in By /4(K) \ C(K)
(K compact) as pointwise limits of sequences of continuous functions generating
spreading models equivalent to the summing basis of cg.

More generally, we define analogously the spaces S¢(K) and the norms || - ||$ on
them, employing the higher order Schreier family F¢, for 1 < < w;, as defined
by Alspach and Argyros ([A-A]). According to Proposition 3.4, (Se¢(K), || [$)
are Banach spaces, which, for separable metric spaces K, constitute a decreasing
hierarchy whose intersection is equal to D(K') (Theorem 3.8) and of course S (K) =
B /4(K). We further provide alternative descriptions of the spaces S¢(K), 1 <€ <
w1, and characterize the Baire-1 functions not belonging to Se¢(K) (Theorem 3.11),
employing the notion of a null-coefficient of order ¢ sequence, defined in [F2].

Because of Mazur’s theorem, S¢(K) is actually a Banach space invariant. That
is, if X is a separable Banach space, ** € X**\ X, and K = Ba(X*,w*), then if
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f=a"|K, f € Se(K) if and only if there exists a sequence (x,) in X such that
(x,,) generates a spreading model of order ¢ equivalent to (s,) and converges in the
w*-topology to f. Moreover, then

|£I = inf{C > 0 : there exists (z,,) C X and such that z, 7, f
and || 28 Az, oo < C| 58, Nisi]| for every
(N4, ... ,nk) € Fe and scalars Ai,... , Ax}.

A nice relation between the space (By/4(K),|| - [[1/4) and the transfinite oscil-
lations of a function is given in Theorem 2.9. Rosenthal in [R1] defined for every
function f the a'"-oscillation, osc, f, of f for every ordinal a (cf. Definition 2.5).In
[R2] the author proved the following structural result for D(K): Let f be a real
bounded function on an infinite metric space K. Then f € D(K) if and only if
there exist an ordinal o such that osc, f is bounded and osc,f = oscgf for all
B > «a. Letting 7 be the least such «, then

[fllp = [ [f] + 0scr flloc for all f € D(K).

We prove an analogous structural result for the case of By/4(K). Precisely, we
have the following theorem: Let f be a real bounded function on a metric space K.
Then f € By4(K) if and only if osc,, f is bounded. In this case

[fll1/a = 111+ 0Scu flloo for f € Byya(K).

According to the principal result in [F2], osc,e f is bounded for every function
f in S¢(K) and every ordinal £. It is an open problem whether the functions in
Se(K) are characterized by this property.

1. DIFFERENCES OF BOUNDED SEMICONTINUOUS FUNCTIONS

Let K be a metric space. We denote by C(K) the class of continuous functions
on K and by B;(K) the space of bounded first Baire class functions on K (i.e. the
pointwise limits of uniformly bounded sequences of continuous functions).

An important subclass of By (K) is the class of differences of bounded semicon-
tinuous functions on K, denoted by D(K). It is easy to see that

D(K) = { f€Bi(K): f=u—wv, where u,v > 0 are bounded and

lower semicontinuous functions }

The class D(K) is a Banach algebra with respect to the norm || - ||p, defined as
follows:

Ifllp= inf{ lu + v||oo : f =u— v for u,v > 0, bounded and lower
semicontinuous functions }

This infimum is attained according to [R1]. A result of Baire gives that

D(K) = { f € Bi(K) : there exists (f,) in C(K) such that f=3%"_ fn
pointwise and [|>°, | falll , < o0 }

and it follows that

£l =inf{

> 1 fal

:(fn) CC(K) and f = an pointwise}
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for every f € D(K) (see [R2]). It is easy to see that ||f|lec < ||f|lp for every
f € D(K) but the two norms are not equivalent in general.

In the following proposition we give the fundamental connection between the
summing basis (s, ) of ¢y and the functions in D(K), as well as between (s,) and
the norm || - || p.

1.1. Proposition. Let K be a metric space. Then

D(K) = {f € By (K): there exists (f,) in C(K) and C >0 so that f, — f
pointwise and Y1 Nifill < ClI>o7y Aisil| for all

n € N and scalars \i,... , A\ },
where (sy,) is the summing basis of cg. Also, for every f € D(K),
o =1flls = inf{ C > 0: there exists (fn) € C(K) such that f, — f
pointwise and |1 Nifill o < ClID iy Aisill
for all n € N and scalars Mi,... , }
Proof. If f € D(K) then there exists a sequence (g,,)22; in C'(K) such that f =

S ignand C = ||Y, [gnllleo < 00. Set fr, = > | g; for every n € N. Of course,
fn — f pointwise and

> OAifi
i=1

Hence, ||flls < ||f|lp for every f € D(K).

On the other hand, if there exist (f,,) in C(K) and C' > 0 such that f,, — f point-
wise and || D01, Aifilloo < O X1, Aisil| for every n € N and scalars A1, ..., Ay,
then if we set go = 0 and g, = f,— fn—1 for everyn € N, we have that Y~ | g, = f.
Also, for x € K and n € N,

Zlgll(x) = Z|f1 fz 1| Zgz A fz 1 )
i=1

n

D it A

=1

<C-

n
: E AiSi
=1

n
E )\isi
=1

o0 o0 oo

'_51+1 fz )§C7

where ¢; € {—1,1} so that si(fi — fl-_l)(x) >0foreveryi=1,... ,nand g,41 = 0.
Hence, we have that || f|lp < || fl|s for every f € D(K). O

1.2. Remark. It is known ([H-O-R], [R1]) that, for a compact metric space K, every
bounded sequence (f,,) in C(K) converging pointwise to a discontinuous function
f has a basic subsequence (g,) which dominates the summing basis (s,) of ¢y,
ie. there exists p > 0 such that p| >0 ; Xisi|| < || Doy Nigilloo for every n € N,
A, ..., A\p € R. Hence, for a compact metric space K,

D(K)\ C(K) = { f: K — R : there exists (f,) C C(K) such that f,, — f
pointwise and (f,,) is equivalent to (sy,) }
This result has been proved in [R1] also. Using Mazur’s theorem we have that

every uniformly bounded sequence (f,,) converging pointwise to a function f in
D(K) \ C(K) has a convex block subsequence equivalent to (sy,).
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2. BAIRE-1/4 FUNCTIONS

As we mentioned before, the supremum norm is not equivalent, in general, to the
| - || p-norm in D(K). The closure of D(K) in (B1(K), || - ||oo) has been denoted by
Bi/3(K) in [H-O-R]. In the same paper the authors defined the subclass By ,4(K)
of B1(K) as follows:

By /y(K) = { f € B1(K) : there exists (F,,) C D(K) such that |F,, — fllec — 0

and sup,, || Fn||p < oo

The space By /4(K) is complete with respect to the norm

1l /s = inf {sup|Fn|D  (F) € D(K) and | Ey — flloo — o}.

In the following theorem we will give a characterization of B /4(K) and we will
define the | - ||}-norm on it, in analogy to D(K) (Proposition 1.1). We will prove
that this norm is equivalent to the ||-[|; /4-norm answering affirmatively the question
raised by Haydon, Odell and Rosenthal in [H-O-R]. The techniques of this proof
have been employed before in [F1]. The additional work here is to establish the
relation between the norms. For completeness we give the proof in detail. We will
use the Schreier family F; which is:

.7:1:{(nl,...,nk):k<n1<---<nk€N}.
2.1. Theorem. Let K be a compact metric space. Then
Bi/4(K)= {f € By(K) : there exists (f,) in C(K) and C > 0 so that f, — f
. <C HZ?:l Aisill for
every (ny,... ,ng) € F1 and scalars Ai,... , A,

Also, defining for f € By/4(K)

pointwise and HZfﬂ Aifri

IfIL = inf{ C > 0: there ezists (fy) in C(K) such that f, — f pointwise
and HZ?:l )\me < C HZiczl )\isi

(n1,...,nk) € F1 and scalars A1,... , A },

for every

| 113 s a norm on By4(K) equivalent to the norm || - ||1,4. Moreover,

£l < UFllvsa < 4USNS for every f € Biya(K).

Proof. Let f € By,4(K). According to the definition of (By,4(K),| - |[1/4), for
every 6 > 0 there exists a sequence (F,) in D(K) so that ||F), — f|lec — 0 and
sup,, [Fnllp < [|fll1/4 + 6. Let M = || f||1/4 + 6 and (€,,) a decreasing sequence of
positive numbers such that €, < % and Z;’im 116 < €m for every m € N. We
can assume that || F+1 — Finlloo < €mt1 for every m € N. Hence, for every m € N
there exists a sequence (¢/™)%2,; C C(K) converging pointwise to Fy,+1 — F,, and
g5 |00 < €my1 for all n € N.

Since F; € D(K), by Proposition 1.1, there exists a sequence (f!) in C(K)
converging pointwise to F; and satisfying

k
R4
=1

<M

k
E AiSi
i=1

o0
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for all kK € N and scalars \q, ..., \. The sequence (f!+gl) converges pointwise to
F,. Using Mazur’s theorem and the fact that F» € D(K), we can find convex block
subsequences (f12), (g12) of (f}), (g}) respectively such that if f2 = f1.2 + g2 for
every n € N then f2 — F, pointwise and

k k
Aif? AiSi
Yo >
i=1 i=1

for every k € N and scalars A1, ..., ;. Now, since f2 + g2 converges to Fj, there
exist convex block subsequences (f2:2), (g23) of (f2), (92) respectively, such that if
2= 23+ ¢23 for every n € N then f2 — Fj pointwise and

k k
D At D s
i=1 i=1

for every k € N and scalars Ar, ..., \g. Let (f}23),(g1%?) be the convex block
subsequences of (f}2?) and (g}?) respectively, such that f23 = f123 4 gl.2:3 for
every n € N. Hence f2 = f123 4 gL23 4 ¢23 for every n € N. We continue in the
obvious way to construct f™--* and g% for every m,k,n € N with m < k,
so that (g"+*), (f™+*) to be convex block subsequences of (gm!), (fm--)
respectively for every m, [,k € N with m <1 <k and

<M

o0

<M

o0

(*) m,...,k __ m—l,m7...,k+gm—l7m,...,k

n —Jn n

for every n,k,m € N with 1 < m < k. Also, for every m € N, we construct the
sequence (f™)°° ; converging pointwise to F, and

k k
DN > disi
i=1 i=1
for every k € N and scalars A1, ..., \;. Finally, we set

hzi _ f:ln,n and dzﬁ, :ggin

()

<M

for every m,n € N with m < n.

Then, for every m € N, (h)22 . (d)$2,, are convex block subsequences of
(fmy2e 1, (g™)2, respectively, hence (k)22 converges pointwise to Fp,, ||d™] oo
< €m41 for every m,n € N with m < n and (d*)32,, converges pointwise to

n=m
Frt+1 — Fo,. Also, according to (x), we have that
R =hpm gt =pl 4dl 4 ATt
for every n,m,l € N with [ <m <n.

We set h,, = h? for every n € N. Thus h, = k™ +d™ + -+ + d?~! for every
m,n € N with m < n. It is easy to prove that (h,) converges pointwise to f. If

(n1,...,n;) € F1 and A1, Ag, ..., A are scalars then
k k k
S || < IDONRE] Do (dE, AT
i=1 oo i=1 oo i=1 oo

First, since (h£)22, is a convex block subsequence of (f¥)22;, we have from (x)

n=1»
that
k
>
=1

k
Sk | <M
i=1

o0
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Secondly,
k k
SoXi(dE 4y < ey M
i=1 0o i=1
k k
< 2ke Z)\Zsl <6 Z)\isi
i=1 i=1
Hence
k k
Z)‘ihm < ([fll1ya+20) - Z)\iSi
i=1 . i=1
This gives
£ < .f1l1/a + 26 for every 6 >0
and finally

1£1ls < [1£ll1/a for every f € Byju(K).
On the other hand, let (f,,) be a sequence in C(K) converging pointwise to f

and C' > 0 such that
k k
Z )\ifni Z AiSi
i=1 i=1

for every (ni,...,ng) € F1 and scalars Aq,... ,\;. According to a characteriza-
tion of functions in By ,4(K’) given by Haydon, Odell and Rosenthal in [H-O-R], a
function f belongs to By 4 (k) if for € > 0 there exists a sequence (g )52 in C(K)
with gg = 0, converging pointwise to f and such that for every subsequence (gy,)
of (gn) and z € K to have

<C

Z |gnj+1 (ZZ?) - gnj ($)| S M,
JjeB((n:),x)
where
B((1:),2) = {5 € Nt [guy, (@) = g, (@)] = €}
In this case, it is easy to see that || f[|;/4 < 4M.
For € > 0, let m be an integer such that m > C/e. Set g, = famtn for every

n € N. Then, for every strictly increasing sequence (n;) in N and € K we claim
that #B((n;),x) < m. Indeed, if j1,...,Jm € B((n;),z), then

m-€e< Z |gnji+1 (CL’) - gnji ($)| = Zgj(f2m+nji+1 - f2m+n,‘i)(w> < 07
=1

i=1
where €1,...,6m € {—1,1}), so that €;(fam+n,, ;1 — fom+n,,)(®) > 0, a contradic-
tion. Hence #B((n;),z) < m and thus

Z |gnj+1 (:E) - gnj (LL'>| S C.
JEB((ni),x)
Hence f € By/y(K) and [|f[l1/s < 4] fll5- 0
2.2. Remark. Tt is easy to prove (see [F1]) that a sequence (z,) in a Banach space

X has a subsequence generating a spreading model equivalent to the summing basis
(spn) if and only if it has a subsequence (y,,) with the following property:
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there exist p, C' > 0 such that

k k
pl> Aisi <C|I> A
i=1 i=1

for every (ni,...,nk) € F1 and scalars A1,..., Ag.

iYn;

Hence, it follows from the previous theorem and Remark 1.2, for a compact metric
space K that

By /4s(K)\C(K)= {f € B1(K) : there exists (f,) C C(K) such that f, — f
pointwise and (f,,) generates spreading

model equivalent to (s,) }

This result has been proved in [F1] also. Furthermore, it has been proved in [H-O-R]
that every uniformly bounded sequence (f,) in C(K) converging pointwise to a
function in By /4(K)\ C(K) has a convex block subsequence generating a spreading
model equivalent to (s;,).

In the following proposition we will give another description of By ,4(/) and we
will prove the equality of the norm || - ||} with a norm on By /4(K) analogous to the
| - || p-norm on D(K).

2.3. Proposition. For every compact metric space K, a function f: K — R be-
longs to By,4(K) if and only if there exists (fn) in C(K) such that f = 3" fn
pointwise and for ng = fo =0,

k
sup {
i=1

Z |fm71+1 + fnz|
Also, for every f € By4(K) we have

:(nl,...,nk)€f1}<oo

o0

k
||f||i=|f|1p=inf{sup{ ot fol
i=1

s (g, ..., ng) 6.7-'1}:

(£) € CO) with £=" 1 }.
n=1

Proof. 1f f € By/4(K) then for every € > 0, from the previous theorem, there exists
(gn)22, C C(K), go = 0, such that g, — f pointwise and

igni|| < (IFII5 +¢)

for every (nq,... ) € Fy and scalars A1,..., g. Set f, = gn — gn_1 for every
n € N. Then f = Z —, fn pointwise. Also, for (n1,...,n,) € F1 and z € K we
have

k
S a4+ fal( Za Pt o+ fu)(2)
=1

k

> (e = €ir1)gn;

=1

(z) = (z) < |fls +e

'(gni - gmf1)
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where &; € {—1,1} so that &;(fn, ;41 + -+ fo,)(x) > 0forali=1,... k and
er+1 = 0. This gives that || f||;, < [|f]|} for every f € By 4(K).

On the other hand, let (g,) C C(K) and C > 0 be such that f = > 7 g,
pointwise and

<C (ng=g0=0)

k
Z |gni—1+1 + o+ gn,
=1

o0

for every (ni,...,ng) € F1. Set fn, = >, g; for every n € N. Of course f, — f
pointwise. Also, for (n1,...,ng) € F1, ¢ € K and scalars A1, ... , A\ we have

k k
S Aifa| @) = Do Nilgr 4+ gn)| (@)
i—1 i—1
k
= Dot M) (Gner o 0| (2)
i—1
k k g
< 22N X a|@
=1 |j=1i Jj=n;—1+1
k k ni k
< el (3] 35 af)weosan
i=1 i=1 |j=n;_1+1 i=1
Hence f € By/4(K) and || f||i <|/f||p- This completes the proof. O

2.4. Corollary. For every compact metric space K, a function f : K — R belongs
to By,4(K) if and only if there exists (fy) in C(K) such that f, — f pointwise and
Jorng = fo =0,

k
sup { Z |fn1 - fm—1|
1=1

Also, for every f € By4(K) we have

:(nl,... ,nk)6f1} < oQ.

11 = inf { sup {58 1 = foial |t (s ime) € 7}
where (fn) C C(K) and f, — f pointwise }

In the following theorem we will give a characterization of the functions in
B1/4(K) and also an identity for || f|1/4, where f is in By /4(K), using the transfi-
nite oscillations of f, which have been defined by H. Rosenthal in [R1]. We recall
this definition.

2.5. Definition. [R1] Let K be a metric space. One defines the upper semicontin-
uous envelope Ug of an extended real valued function
g: K — [—00,+00] as follows:

Ug =inf{h: K — [—00,00] : h is continuous and h > g}.
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It is easy to see that for z € K

Ug(z) = 7}1?969(31) =max{L € [—o0,+00] : Iz, — z,g9(xn) — L}

= inf {Sup g(y) : U is a mneighbourhood ofx} .
yeU
In [R1] the author associates with each bounded function f : K — R a transfinite
increasing family (oscqf)i<a of upper semicontinuous functions which are called
ath- oscillations of f. They have been defined by induction as follows:

oscof = 0.

If osco f has been defined, then for every z € K

65af () =Ty (17(0) = f(2)] +0scaf (1))

and consequently

08Cqa1f =U0SCoy1f-
If v is a limit ordinal and oscgf has been defined for all 8 < o then

0SCqo f = sup oscgf
B<a

and consequently
08Cq f = U 08Cq f.

According to [R2], a bounded function f : K — R is in D(K) if and only if
0sC, f is a bounded function for every ordinal a. In this case there exists an ordinal
o so that osc, f is bounded and osc, f = oscgf for all B > «. Moreover, letting 7
be the least such «,

£l = [I1f] + oscr fllo -

We will prove an analogous structural result for By /4(K). Precisely, we will prove
that a bounded function f is in By /4(K) if and only if osc,, f is bounded and when
this occurs then

11174 = [I1f] + 08¢ fll -

Before the proof of this theorem we will give three lemmas. In the first lemma
we list some elementary relations which are used in the sequel.

2.6. Lemma. Let f,g be bounded functions on a metric space K and o an ordinal
number.

(1) If f < g thenUf <Ug.

(2) U(f+g) <UF+Ug.

(3) U(f—Ug) =UUSf-Ug) <U(f - g).

(4) Uf = f if and only if [ is upper semicontinuous.

(5) osca f is an upper semicontinuous [0, 4o0c]-valued function on K.

(6) oscotf = |tloscaf for everyt € R.

(7) osco(f 4+ g) < oscaf + 0scag.

(8) osca(f + g) = oscaf if g is a continuous function on K.

(9) If osco f is bounded then U(oscof + f) < 0Scaq1f £ f.
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Proof. The assertions (1)-(8) are easily proved. We will prove (9).
Let € K. We may choose (y,) a sequence in K tending to x such that

Uoscaf + f)(@) = lim oscaf(yn) + f(yn)-

Since the functions f and osc,f are bounded, we may assume without loss of
generality that the limits

Jim_osca f(yn), lim [f(yn) = f(2)], im f(yn)
all exist. We then have that
6Searrf@) > lim (If(ya) = F(@)] + oscaf(yn))

n—oo

= lim [f(yn) = f(2)[ + lim osca f(yn)

> lim (oscaf(ya) + fyn)) — F(2)
= Uloscaf + f)(z) — f().

Thus it is proved that U(osco f + f) < 0Scat1f + f. If instead of f we use —f, we

have that U(osco f — f) < 0SCat1f — f, since 08cq f = 0SCo(—f). O

2.7. Lemma. Let f : K — R be a bounded function. For every n € N we have
that

U(oscpyaf —oscpi1f) <U(oscpr1f — oscey f).
Proof. Using (3) of the previous lemma, we have that

U(oscptaf —oscni1f) = U(0SChiaf — o0scni1f)
< U(0SCpiaf —0SCry1f), for everyn € N.

AN

Hence it is sufficient to prove that
U(0sCpiaf —0sCpi1f) <U(0scpi1f —osc,f) for everyn € N.

By (1) and (4) of the previous lemma, the proof of this lemma will be complete as
soon as we prove that

0SCpyaf — 0SCry1f <U(oscp1f —osc, f) for every n € N.

Case n = 0. We have for x € K,
6502 f(¢) — 65erf(x) = T (oserf(y) +1£(v) — f@)]) = Tn £ (v) — f(a)
< Eosclf(y) = U(oscy f)(x) = oscy f(x)

(since oscy f is upper semicontinuous).
In general for n > 0, n € N, we have for z € K,

0SCt2f(x) — 0SCpi1 f ()
= E(oscn+1f(y) + /() = f@)]) - E(oscnf(y) + /() = f(=)])
< E(OSCn+1f(y> —osc f(y)) = U(oscpir f — oscn f)().

This completes the proof.
The following lemma was proved by A. Louveau ([F-L]). For completeness we
give the proof. O
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2.8. Lemma. [F-L] Let (g,)%2, be a sequence of bounded, upper semicontinuous
functions on a metric space K with go = 0. If the sequence (U(gn+1 — gn))oq 18
decreasing, then U(gn+1 — gn) < %_H - gn41 for every n € N.
Proof. For n = 0, it reduces to Ug; < g1, which is trivial since g; is upper semicon-
tinuous. Suppose we know it for n. For the induction step, it suffices, since g, 42 is
usc, to prove:

gn+2 . . gn

+2
Int2 o < Ini2 .
nt2 O Int2 STt et

it suffices to show

In+2 = Gn+1 <
n+1
n+27
n+1 < . <M +2 n 1

, e, < — = —_— .
n+ 2gn+2 = Gntl In+2 n+ 1gn+1 In+1 n+ 1gn+l

But this follows immediately from the induction step. O

. _ 1
But since 1 = i

2.9. Theorem. Let K be a metric space. Then
Bi/y(K) = { f: K — R bounded : osc,f is bounded} and

1 lla = |11+ oeus | for atl f € Biju(K).

Proof. Suppose f € By,4(K). It follows from the definition of B;/4(K) that for
every € > 0 one has a sequence (g,,) in D(K) with ||gn, — f|lcc — 0 and sup,, ||gx||p <
lflli/a+ € Set €n = ||gn — flloo- Then by induction on £,

oscr f < oscign + 2ke, for every k,n € N.
Hence
< |gn| + €n + 0SCEgn + 2kep,
< |gn| 4+ 0scrgn + (2k + 1)ep
< lgnllp + (2k 4+ 1)e, for every k,n € N.

|f| + osci f

Letting first n — oo and then k — +o0, we get

1+ 650 < sp gallp < 1f]14+ .
n

Since € is arbitrary, we have that

I1f1+ 08w fllog < [1.f1l1/4

and of course that osc, f and, consequently, osc,, f are bounded functions.
On the other hand, let f : K — R be a bounded function with osc, f also
bounded. Set

An —U(osen f—f) Ay —U(oscy f + f)
gn = - )
2 2
where A, = ||| f| + osc, f||, for every n € N. Then g, € D(K) and
lgnllp < ||)‘n - %U(oscnf - f) - %(Oscnf+f>||oo <
< A < |||+ 0sCw flloo for every n € N.

The first inequality holds for every n € N, since from (1), (2) and (4) of Lemma 2.6
we have

U(osen f — ) +U(oscn f + f) > 2U(osc,, f) = 20sc, f > 0 and
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An — SU(oscn f — f) — tU(osc, [+ f)
2 A —U(oscnf +|f]) = An = U (0scnf + [f])]loo
=An — llosen f + [f|[loc = 0.

If we could prove that [|g, — f|loc — 0, then we would have that f € By /4(K)
and || f|l1/4 < || |f] + 0scy flloo- Now, according to (9) of Lemma 2.6,

gn—f = %L{(oscnf+f)—%U(oscnf—f)—f
< g (0scutif+ f) = glosenf — f)— f
= 5 (08Cny1f —o0scnf) < F(08Cuqr f — osc f) for every n € N.
On the other direction,
gn—f = %L{(oscnf+f)—%U(oscnf—f)—f
> %(oscnf+f)—%(5s?3n+1f—f)—f
= —% (0sCpt1f —oscn f) > —%(oscm_lf —oscy, f) for every n € N.

Hence
1
lgn — f| < §(oscn+1f —oscy f) for every n € N.

According to Lemma 2.7, the sequence (U (oscp+1f — osc,f))or, is decreasing.
Hence, using Lemma 2.8, we have that

1 1
lgn — f] < i(oscnﬂf —osc,f) < §L{(oscn+1f —oscpf)

1 1
< n—HOSCn_Hf < p—y 1oscwf < n—HHoscwaOO.
Thus ||gn — flleo < %_H - JJoscw f|loo and, finally, ||gn — f|lcc — 0. This finishes the
proof of the theorem. O

2.10. Remark. Using the invariants (fa)1<q which have been introduced by Kechris
and Louveau in [K-L] and which are similar to the - oscillations of the function
[, we proved with Louveau ([F-L]) that a bounded function f is in By ,4(K) if and
only if f,, is bounded and in this case

1
gholloo < U1flha < 4l follsc + 5] fllco-

But the previous theorem shows that the transfinite oscillations appear to be
more appropriate than the f,’s.

After proving this theorem, I learned that H. Rosenthal ([R2]) had an analogous
result. Precisely, he proved in [R2] that f belongs to By /4(K) (case f : K — C) if
and only if osc, f is bounded and when this occurs and f is real valued,

1
Ul fllse + llosew fllse) < [l fll/a < Ml flloo + 3 [loscu flloo-

3. A CLASSIFICATION OF Bj4(K)

We will define a classification of By,4(K), where K is a separable metric space,
into a decreasing hierarchy (S¢(XK))i<¢<w, of Banach spaces whose intersection is
equal to D(K). The functions in S¢(K) have a property stronger than the one
of the functions in By,4(K) which is described in Proposition 2.3. Precisely, the
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families F¢, which have been defined by D. Alspach and S. Argyros in [A-A], are
used instead of the Schreier family F;. We quote the definition of the F¢’s.

3.1. Definition ([A-A]). For every limit ordinal £, let (§,) be a sequence of ordinal
numbers strictly increasing to {. Then Fo = {{n} :n € N}.
Suppose that F¢ is defined, then

Fep1n={FCN:FCFU---UF, with {n} < F; <--- < F, and F; € F¢
foralli=1,... ,n}.
If ¢ is a limit ordinal, F¢ = {F C N : F € F¢, and {n} < F'}.
Using the families F¢, for every ordinal £, we extended the notion of spreading
model in [F2] as follows:

3.2. Definition ([F2]). Let X be a Banach space, £ an ordinal number and (z,,) a
sequence in X. We say that (z,) generates spreading model of order £ equivalent
to a basic sequence (e,,) if there exist g > 0 and C' > 0 such that:

k k k
E Xi€n, E NiTn, E Ai€n;
i1 i=1 i=1

for every (n1,...,nx) € F¢ and scalars Aq, ..., Ag.
Now we will define the spaces S¢(K) for every ordinal &, which are characterized
by spreading models of order £ equivalent to the summing basis (s;,) of ¢g.

H < <C

3.3. Definition. Let K be a metric space and £ an ordinal number. We define the
space

Se(K)= {f . K — R : there exists (f,) C C(K) and C > 0 such that f, — f
pointwise and || Zle Aifnilloo < C Zle Aisi|| for

every (ni,...,ng) € Fe and scalars A, ..., g

and the norm || - ||§ on it as follows:

£ = inf{ C > 0 : there exists (f,) C C(K) such that f,, — f pointwise and
I8 Xifnilloe < CIE, Nisi for every (na, ... ,ng) in
Fe¢ and scalars Aq, ..., A }

If K is a compact metric space, it is easy to prove (see Remark 1.2) that
Se(K)\C(K) = {f : K — R : there exists (f,,) in C(K) such that f, — f
pointwise and (f,,) generates spreading model
of order £ equivalent to (s,) } .

Of course, S1(K) = By/4(K) for a compact metric space K. Also, for every
ordinal number &, S¢(K) is a linear subspace of Bi(K). Although the family
(Fe)i<e is not increasing, it has the property: for every 1 < § < &, there exists
no = no(8,€) in N such that if A € Fg and {no} < A then A € F¢. Hence, it is
easy to prove that the family (Sg¢(K))1<¢ is decreasing and, also, || f]|? < | f||$ for
every 1 < § < ¢ and f in Se(K).

3.4. Proposition. For every ordinal number &, (S¢(K), |- ||$) is a Banach space.
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Proof. Let € be an ordinal number and (F),) a Cauchy sequence in (S¢(K), || - [|5).
We can assume that ||F,11 — Fy[|$ < 5= for every n € N. So, for every n € N
we can find a sequence (¢)%°_; C C(K) converging pointwise to F,+1 — F,, and

m
satisfying
k 1l
Z)\M)%i < o ZAiSi
i=1 ~ i=1
for every (mi,...,my) € F¢ and scalars A1, ..., Ag. Since || flloo < [|f]|§ for every

f € S¢(K), there exists F' € By(K) such that || F,, — F|sc — 0.
Let ng € N. Set ®,, = F,,41 — F,, for every n € N, and f,, = ¢/"° + --- 4 ¢7 for
every n > ng. Then F'— F, = Z;’lo:no ®,,. Also, f, — F — F,, pointwise. Indeed,
10 [ 1+1 n L1 1
= e+t = o+ el < 3 %=
i=l+1
for every ng <1 < n € N. Hence, letting n — oo, we have for every € K and
l 2 no,

1 — 1
Do (x) + -+ Py(x) — o <lim, fn(z) <lim, fr(z) < $py(x) + -+ + Py(z) + o
Letting | — oo, this gives that f, — F — F,,, pointwise.
On the other hand, for every (n1,...,nx) € F¢ and scalars Ai,..., Ay we have

that

k
Z )\zfm
i=1
n1
<2

k
D (N + oo+ gl
i=1

o0

k
> Xidd,

o0

no k ng
+ Y Do e DD el

j=no |li=1 jo%s) j=ni1+1||i=2 jo%s) j=nr_1+1
ni 1 k no 1 k: ng 1
< Z BY Z)\isi + Z Y Z)\isi + o+ Z 2—j||>\k5kH
j=no =1 j=ni1+1 =2 j=ng_1+1
o0 1 k 1 k
(S ) 2] ok 5
Jj=no =1 =1

Hence F' — F,,, € S¢(K), whence F' € S¢(K). Also, we have that
1
|F — Fp |l < Zno for every ng € N,

which gives that (F},) converges to I with respect to the || ||5-norm. This completes
the proof. 0

We will give more descriptions of the spaces S¢(K') in analogy to By /4(K) (see
Proposition 2.3 and Corollary 2.4).

3.5. Proposition. For every metric space K and ordinal number &, a function
f: K — R belongs to S¢(K) if and only if there exists (fn) in C(K) such that
[ =500, fa pointwise and for ng = fo =0,

k
sup {

Z|fni—1+1 + +fn1

=1

s (nay. .. ,nk)efg} < oo0.

oo
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Also, for every f € S¢(K),

1106 = int { sup {[ Sy 1 o+ Sl | (o) € Fe
for every (fn) in C(K) with f =", fn pomtwise}.

Proof. The proof is analogous to the proof of Proposition 2.3. O

3.6. Corollary. For every metric space K and ordinal number &, a function f :
K — R belongs to S¢(K) if and only if there exists (f) in C(K) such that fp, — f
pointwise and for ng = fo =0,

k
sup { Z |fm - fni—ll
i=1

Also, for every f € S¢(K),

1S = it { sup {|| S5 1o = Fol | (o o) € Fe s
for every (f,) C C(K) with f, — f pointwise}.

:(nl,... ,nk) 6.7:5} < 0.

oo

From a result in [F2], we have the following connection between the functions in
Se(K) and the transfinite oscillations.

3.7. Theorem ([F2]). Let K be a metric space and & an ordinal number. Then
Se(K) C { f: K — R:osc,ef is bounded }

Proof. Tt follows from the proof of Theorem 9 in [F2] that, for every function f in
Se(K), the function u,e(f) is bounded (the functions uq(f), were introduced in
[R1] and are similar to the a'!- oscillations of f). But, as it is proved in [R1],

0sa f < ua(f)+ ua(—rf)

for every ordinal number a. Hence, osc,¢ f is bounded.
This theorem yields immediately the following result. O

3.8. Theorem. Let K be a separable metric space. The intersection of all the
classes S¢(K), 1 <& < wy, is equal to D(K).

Proof. Tt follows from the previous theorem and the fact that f belongs to D(K)
if and only if osc, f is bounded for every countable ordinal o ([R1]). |

In [F2] we defined for every ordinal £ the notion of a null-coefficient of order £
(é-n.c.) sequence in a Banach space and we proved that every bounded, Baire-1
function f with osc,¢ f unbounded has the property that every bounded sequence of
continuous functions converging pointwise to f is null-coefficient of order £. We will
prove in the sequel that this property characterizes the functions in By (K)\ Se¢(K).

3.9. Definition ([F2]). A sequence (z,,) in a Banach space is called null-coefficient
of order & (£-n.c), where ¢ is an ordinal number, if whenever the scalars (¢, ) satisfy:

sup {

the sequence (c,) converges to 0.

k
Z Cny; (xn2i - xn2i—l)
=1

s (ng, ... ,nzk)6f5}<oo
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3.10. Proposition. Let ¢ be an ordinal number, and (x,,) a weak-Cauchy and non-
weakly convergent sequence in a Banach space. Then (xy) is not null-coefficient of
order & if and only if it has a subsequence with spreading model of order & equivalent
to the summing basis of cg.

Proof. If (x,,) is not null-coefficient of order £ then there exists a bounded sequence
of scalars (¢,) such that (c,) is not null-converging and

(%)

<1

k
Z Cny; (xn2i - xn2i—l)
=1

for every (n1,...,nok) € Fe.

So we can find € > 0 and a subsequence (¢, ) of (¢,,) such that ¢,, > € for every
t € N (otherwise replace ¢, by —¢y,).

Consider z,, n € N, as elements of C(K), where K is the unit ball of the
dual of X = [x,], the closed subspace generated by (x,), with respect to the
weak*-topology. Since (z,,) converges with respect to the w*-topology to a function
r* € X**\ X (Remark 1.2) there exists a subsequence (z,, ) of (z,,) and p > 0
such that

k k
H Z)\isi < Z)‘ix"ti
i=1 i=1
for every k € N and scalars Aq,...,Ax. Set ys = zp, and c,,, = as for every
s e N.
We will prove that the subsequence (ys) of (x,) has spreading model of order &
equivalent to the summing basis (s,,) of ¢o. Indeed, for every (s1,...,s;) € F¢ and

x € K we have y,, = yo =0 and
k 1t
Z |y5i ~ Ysia |(£L’) < ; Z o |y57; “Ysia |(£L’)
i=1 i=1

(x) (wherees, € {-1,1})

1 k
- Z As; " Es; (ysi - ySi—l)
€ =1

k
1 1
< Ea’sl ||y81|| + E Z o (ysi - y8i71) (JJ)
i"oda
€s; =1
1| < 1| &
+ E Z o (ysi - y8i71) ({,C) + ; Z As; (ysi - y8171> (JJ)
iitifd iie:vgn
Esi:_l SSiZI
1| 4 1
F21YD e ) | @) 2 2+ 2 e loe - Izl = €.
i=2
Jleny

In the last inequality we used (x) and the fact that every subset H of a set F
belonging to F¢ is in F¢ as well and that (n¢,,,... ,ne,, ) € F¢ for every (si,... , sx)
in fg.
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Finally, for every (s1,...,sk) € F¢ and scalars A1, ..., A\, we have
k k k
Z)‘iysi = Z(AZ_F_F)‘]C)(ySI _ysi—l) <C ZAZK% s
i=1 i=1 i=1
which completes the proof. O

3.11. Theorem. Let K be a metric space and & an ordinal number. Then

Bi(K)\ Se(K) = {f € By (K) : every bounded sequence (fy) in C(K) converging

pointwise to f is null-coefficient of order &

Proof. Let f € B1(K) \ Se(K) and a bounded sequence (fy,) in C(K) converging
pointwise to f. Then (f,,) is null-coefficient of order £. Indeed, if (f,,) is not &-n.c.,

then according to the proof of the previous proposition, we can find a subsequence
(gn) of (fn) and C > 0 such that

k
Z |fn1 - f'n«i—1|
=1

for all (nq,...,n,) € Fe. Hence, it follows from Corollary 3.6 that f € S¢(K), a
contradiction.

On the other hand, if f € S¢(K) then there exists a sequence (f,) C C(K)
converging pointwise to f and C' > 0 such that

k
Z |fn1 - f'n«i—1|
i=1 o

for every (ni,...,ng) € Fe, according to Corollary 3.6. Thus, if ¢, = 1 for every
n € N, we have

<C

o0

<C

k k
Z(fnzz _fnzz;l) < Zlfnzz _fn21'71|
=1 %) i=1 o
2k
< Zlfm_fmfll SC
i=1 0o
for every (n1,...,nox) € Fe. Hence (fy) is not null-coefficient of order &.
This completes the proof. O

3.12. Corollary. Let K be a compact metric space. Then
Bi(K)\ Byjs(K)= {f € B1(K) : every bounded sequence (f,) in C(K)

converging pointwise to f is null-coefficient of order 1 }
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