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ON BAIRE-1/4 FUNCTIONS

VASSILIKI FARMAKI

Abstract. We give descriptions of the spaces D(K) (i.e. the space of differ-
ences of bounded semicontinuous functions on K) and especially of B1/4(K)

(defined by Haydon, Odell and Rosenthal) as well as for the norms which are
defined on them. For example, it is proved that a bounded function on a met-
ric space K belongs to B1/4(K) if and only if the ωth-oscillation, oscωf , of f is

bounded and in this case ‖f‖1/4 = ‖ |f |+õscωf‖∞. Also, we classify B1/4(K)

into a decreasing family (Sξ(K))1≤ξ<ω1
of Banach spaces whose intersection

is equal to D(K) and S1(K) = B1/4(K). These spaces are characterized by
spreading models of order ξ equivalent to the summing basis of c0, and for
every function f in Sξ(K) it is valid that oscωξf is bounded. Finally, using
the notion of null-coefficient of order ξ sequence, we characterize the Baire-1
functions not belonging to Sξ(K).

Introduction

In recent years the study of the first Baire class, B1(K), of bounded functions
on a metric space K led to the definition of interesting subclasses ([H-O-R], [K-L],
[F1]). The study of these subclasses revealed significant properties of their elements
([C-M-R], [R2], [F1], [F2]) and provided applications, such as the c0-dichotomy
theorem of Rosenthal ([R1]).

Here we study some subclasses of D(K), and especially B1/4(K), of B1(K). By
D(K) is denoted the class of all functions on K which are differences of bounded
semicontinuous functions. A classical result of Baire yields that f ∈ D(K) if and
only if there exists a sequence (fn) of continuous functions on K satisfying

sup
x∈K

∑
n

|fn(x)| <∞ and f =
∑
n

fn.(1)

The class D(K) is a Banach algebra with respect to the ‖ · ‖D-norm defined as

‖f‖D = inf

{
sup
x∈K

∑
n

|fn(x)| : (fn) ⊆ C(K) satisfying (1)

}
.

The subclass B1/4(K) was first defined in [H-O-R] as follows:

B1/4(K) = {f : K → R : there exists (Fn) ⊆ D(K) such that ‖Fn − f‖∞ → 0

and sup
n
‖Fn‖D <∞}.
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This class is a Banach algebra with respect to the ‖ · ‖1/4-norm, given by

‖f‖1/4 = inf

{
sup
n
‖Fn‖D : (Fn) ⊆ D(K) and ‖Fn − f‖∞ → 0

}
.

In the first section we describe the precise connection between the summing basis
(sn) of c0 and the normed space (D(K), ‖ · ‖D); so it is proved in Proposition 1.1
that f ∈ D(K) if and only if there is a sequence (fn) of continuous functions on K
so that fn → f pointwise and there is C > 0 such that∥∥∥∥∥

k∑
i=1

λifni

∥∥∥∥∥
∞

≤ C
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥(2)

for every k, n1, . . . , nk ∈N and scalars λ1, . . . , λk.
If this occurs then

‖f‖D = inf
{
C > 0 : there exists (fn) ⊆ C(K) satisfying (2)

}
.

Since for every sequence of continuous functions defined on a compact metric
space K and converging pointwise to a discontinuous function, there exists a sub-
sequence (fn) and µ > 0 such that

µ

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ ≤
∥∥∥∥∥
k∑
i=1

λifni

∥∥∥∥∥
∞

(3)

for k, n1, . . . , nk ∈ N and scalars λ1, . . . , λk ([H-O-R], [R1]), it follows that the
functions in D(K) \C(K) (K compact) are characterized as pointwise limits of se-
quences of continuous functions equivalent to the summing basis of c0 (Remark 1.2).

In the case of B1/4(K), where K is a compact metric space, the functions are
characterized as pointwise limits of sequences of continuous functions on K with a
property weaker than (2), namely one for which the inequality (2) is valid only for
(n1, . . . , nk) in the Schreier family F1 (Theorem 2.1). Moreover, if we set

‖f‖1s = inf
{
C > 0 : there exists (fn) ⊆ C(K) such that fn → f

pointwise and
∥∥∥∑k

i=1 λifni

∥∥∥
∞
≤ C

∥∥∥∑k
i=1 λisi

∥∥∥ for every

(n1, . . . , nk) ∈ F1 and scalars λ1, . . . , λk
}
,

then ‖·‖1s is a norm on B1/4(K) equivalent to the norm ‖·‖1/4. This answers in the
affirmative a question raised by Haydon, Odell and Rosenthal in [H-O-R]. From
this result and (3) we have the characterization of functions in B1/4(K) \ C(K)
(K compact) as pointwise limits of sequences of continuous functions generating
spreading models equivalent to the summing basis of c0.

More generally, we define analogously the spaces Sξ(K) and the norms ‖ · ‖ξs on
them, employing the higher order Schreier family Fξ, for 1 ≤ ξ < ω1, as defined
by Alspach and Argyros ([A-A]). According to Proposition 3.4,

(
Sξ(K), ‖ · ‖ξs

)
are Banach spaces, which, for separable metric spaces K, constitute a decreasing
hierarchy whose intersection is equal to D(K) (Theorem 3.8) and of course S1(K) =
B1/4(K). We further provide alternative descriptions of the spaces Sξ(K), 1 ≤ ξ <
ω1, and characterize the Baire-1 functions not belonging to Sξ(K) (Theorem 3.11),
employing the notion of a null-coefficient of order ξ sequence, defined in [F2].

Because of Mazur’s theorem, Sξ(K) is actually a Banach space invariant. That
is, if X is a separable Banach space, x∗∗ ∈ X∗∗ \X , and K = Ba(X∗, w∗), then if
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f = x∗∗|K, f ∈ Sξ(K) if and only if there exists a sequence (xn) in X such that
(xn) generates a spreading model of order ξ equivalent to (sn) and converges in the
w∗-topology to f . Moreover, then

|f |ξs = inf{C > 0 : there exists (xn) ⊂ X and such that xn
w∗−→ f

and ‖
∑k
i=1 λixni‖∞ ≤ C‖

∑k
i=1 λisi‖ for every

(ni, . . . , nk) ∈ Fξ and scalars λ1, . . . , λk}.
A nice relation between the space (B1/4(K), ‖ · ‖1/4) and the transfinite oscil-

lations of a function is given in Theorem 2.9. Rosenthal in [R1] defined for every
function f the αth-oscillation, oscαf , of f for every ordinal α (cf. Definition 2.5).In
[R2] the author proved the following structural result for D(K): Let f be a real
bounded function on an infinite metric space K. Then f ∈ D(K) if and only if
there exist an ordinal α such that oscαf is bounded and oscαf = oscβf for all
β > α. Letting τ be the least such α, then

‖f‖D = ‖ |f |+ oscτf‖∞ for all f ∈ D(K).

We prove an analogous structural result for the case of B1/4(K). Precisely, we
have the following theorem: Let f be a real bounded function on a metric space K.
Then f ∈ B1/4(K) if and only if oscωf is bounded. In this case

‖f‖1/4 = ‖ |f |+ õscωf‖∞ for f ∈ B1/4(K).

According to the principal result in [F2], oscωξf is bounded for every function
f in Sξ(K) and every ordinal ξ. It is an open problem whether the functions in
Sξ(K) are characterized by this property.

1. Differences of Bounded Semicontinuous Functions

Let K be a metric space. We denote by C(K) the class of continuous functions
on K and by B1(K) the space of bounded first Baire class functions on K (i.e. the
pointwise limits of uniformly bounded sequences of continuous functions).

An important subclass of B1(K) is the class of differences of bounded semicon-
tinuous functions on K, denoted by D(K). It is easy to see that

D(K) =
{
f ∈ B1(K) : f = u− v, where u, v ≥ 0 are bounded and

lower semicontinuous functions
}

.

The class D(K) is a Banach algebra with respect to the norm ‖ · ‖D, defined as
follows:

‖f‖D = inf
{
‖u+ v‖∞ : f = u− v for u, v ≥ 0, bounded and lower

semicontinuous functions
}

.

This infimum is attained according to [R1]. A result of Baire gives that

D(K) =
{
f ∈ B1(K) : there exists (fn) in C(K) such that f =

∑
n fn

pointwise and ‖
∑
n |fn|‖∞ <∞

}
and it follows that

‖f‖D = inf

{∥∥∥∥∥∑
n

|fn|
∥∥∥∥∥
∞

: (fn) ⊆ C(K) and f =
∑
n

fn pointwise

}
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for every f ∈ D(K) (see [R2]). It is easy to see that ‖f‖∞ ≤ ‖f‖D for every
f ∈ D(K) but the two norms are not equivalent in general.

In the following proposition we give the fundamental connection between the
summing basis (sn) of c0 and the functions in D(K), as well as between (sn) and
the norm ‖ · ‖D.

1.1. Proposition. Let K be a metric space. Then

D(K) =
{
f ∈ B1(K): there exists (fn) in C(K) and C > 0 so that fn → f

pointwise and ‖
∑n
i=1 λifi‖∞ ≤ C ‖

∑n
i=1 λisi‖ for all

n ∈N and scalars λ1, . . . , λn
}

,

where (sn) is the summing basis of c0. Also, for every f ∈ D(K),

‖f‖D = ‖f‖s = inf
{
C > 0: there exists (fn) ⊆ C(K) such that fn → f

pointwise and ‖
∑n
i=1 λifi‖∞ ≤ C ‖

∑n
i=1 λisi‖

for all n ∈ N and scalars λ1, . . . , λn
}

.

Proof. If f ∈ D(K) then there exists a sequence (gn)∞n=1 in C(K) such that f =∑∞
n=1 gn and C = ‖

∑
n |gn|‖∞ <∞. Set fn =

∑n
i=1 gi for every n ∈ N. Of course,

fn → f pointwise and∥∥∥∥∥
n∑
i=1

λifi

∥∥∥∥∥
∞

=

∥∥∥∥∥
n∑
i=1

(λi + · · ·+ λn)gi

∥∥∥∥∥
∞

≤
∥∥∥∥∥
n∑
i=1

|gi|
∥∥∥∥∥
∞

·
∥∥∥∥∥
n∑
i=1

λisi

∥∥∥∥∥ ≤ C ·
∥∥∥∥∥
n∑
i=1

λisi

∥∥∥∥∥ .
Hence, ‖f‖s ≤ ‖f‖D for every f ∈ D(K).

On the other hand, if there exist (fn) in C(K) and C > 0 such that fn → f point-
wise and ‖

∑n
i=1 λifi‖∞ ≤ C‖

∑n
i=1 λisi‖ for every n ∈N and scalars λ1, . . . , λn,

then if we set g0 = 0 and gn = fn−fn−1 for every n ∈N, we have that
∑∞
n=1 gn = f .

Also, for x ∈ K and n ∈ N,
n∑
i=1

|gi|(x) =
n∑
i=1

|fi − fi−1|(x) =
n∑
i=1

εi(fi − fi−1)(x)

=

∣∣∣∣∣
n∑
i=1

(εi − εi+1)fi

∣∣∣∣∣ (x) ≤ C,

where εi ∈ {−1, 1} so that εi(fi−fi−1)(x) ≥ 0 for every i = 1, . . . , n and εn+1 = 0.
Hence, we have that ‖f‖D ≤ ‖f‖s for every f ∈ D(K).

1.2. Remark. It is known ([H-O-R], [R1]) that, for a compact metric space K, every
bounded sequence (fn) in C(K) converging pointwise to a discontinuous function
f has a basic subsequence (gn) which dominates the summing basis (sn) of c0,
i.e. there exists µ > 0 such that µ‖

∑n
i=1 λisi‖ ≤ ‖

∑n
i=1 λigi‖∞ for every n ∈ N,

λ1, . . . , λn ∈ R. Hence, for a compact metric space K,

D(K) \ C(K) =
{
f : K → R : there exists (fn) ⊆ C(K) such that fn → f

pointwise and (fn) is equivalent to (sn)
}

.

This result has been proved in [R1] also. Using Mazur’s theorem we have that
every uniformly bounded sequence (fn) converging pointwise to a function f in
D(K) \ C(K) has a convex block subsequence equivalent to (sn).
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2. Baire-1/4 Functions

As we mentioned before, the supremum norm is not equivalent, in general, to the
‖ · ‖D-norm in D(K). The closure of D(K) in (B1(K), ‖ · ‖∞) has been denoted by
B1/2(K) in [H-O-R]. In the same paper the authors defined the subclass B1/4(K)
of B1(K) as follows:

B1/4(K) =
{
f ∈ B1(K) : there exists (Fn) ⊆ D(K) such that ‖Fn − f‖∞ → 0

and supn ‖Fn‖D <∞
}

.

The space B1/4(K) is complete with respect to the norm

‖f‖1/4 = inf

{
sup
n
‖Fn‖D : (Fn) ⊆ D(K) and ‖Fn − f‖∞ → 0

}
.

In the following theorem we will give a characterization of B1/4(K) and we will

define the ‖ · ‖1s-norm on it, in analogy to D(K) (Proposition 1.1). We will prove
that this norm is equivalent to the ‖·‖1/4-norm answering affirmatively the question
raised by Haydon, Odell and Rosenthal in [H-O-R]. The techniques of this proof
have been employed before in [F1]. The additional work here is to establish the
relation between the norms. For completeness we give the proof in detail. We will
use the Schreier family F1 which is:

F1 =
{

(n1, . . . , nk) : k < n1 < · · · < nk ∈N
}
.

2.1. Theorem. Let K be a compact metric space. Then

B1/4(K)=
{
f ∈ B1(K) : there exists (fn) in C(K) and C > 0 so that fn → f

pointwise and
∥∥∥∑k

i=1 λifni

∥∥∥
∞
≤ C

∥∥∥∑k
i=1 λisi

∥∥∥ for

every (n1, . . . , nk) ∈ F1 and scalars λ1, . . . , λk
}
.

Also, defining for f ∈ B1/4(K)

‖f‖1s = inf
{
C > 0: there exists (fn) in C(K) such that fn → f pointwise

and
∥∥∥∑k

i=1 λifni

∥∥∥
∞
≤ C

∥∥∥∑k
i=1 λisi

∥∥∥ for every

(n1, . . . , nk) ∈ F1 and scalars λ1, . . . , λk
}
,

‖ · ‖1s is a norm on B1/4(K) equivalent to the norm ‖ · ‖1/4. Moreover,

‖f‖1s ≤ ‖f‖1/4 ≤ 4‖f‖1s for every f ∈ B1/4(K).

Proof. Let f ∈ B1/4(K). According to the definition of (B1/4(K), ‖ · ‖1/4), for
every δ > 0 there exists a sequence (Fm) in D(K) so that ‖Fm − f‖∞ → 0 and
supm ‖Fm‖D < ‖f‖1/4 + δ. Let M = ‖f‖1/4 + δ and (εm) a decreasing sequence of

positive numbers such that εm < δ
2m and

∑∞
i=m+1 εi < εm for every m ∈ N. We

can assume that ‖Fm+1−Fm‖∞ < εm+1 for every m ∈N. Hence, for every m ∈ N
there exists a sequence (gmn )∞n=1 ⊆ C(K) converging pointwise to Fm+1 − Fm and
‖gmn ‖∞ < εm+1 for all n ∈N.

Since F1 ∈ D(K), by Proposition 1.1, there exists a sequence (f1
n) in C(K)

converging pointwise to F1 and satisfying∥∥∥∥∥
k∑
i=1

λif
1
i

∥∥∥∥∥
∞

≤M
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥



4028 VASSILIKI FARMAKI

for all k ∈N and scalars λ1, . . . , λk. The sequence (f1
n+g1

n) converges pointwise to
F2. Using Mazur’s theorem and the fact that F2 ∈ D(K), we can find convex block
subsequences (f1,2

n ), (g1,2
n ) of (f1

n), (g1
n) respectively such that if f2

n = f1,2
n + g1,2

n for
every n ∈N then f2

n → F2 pointwise and∥∥∥∥∥
k∑
i=1

λif
2
i

∥∥∥∥∥
∞

≤M
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥
for every k ∈ N and scalars λ1, . . . , λk. Now, since f2

n + g2
n converges to F3, there

exist convex block subsequences (f2,3
n ), (g2,3

n ) of (f2
n), (g2

n) respectively, such that if
f3
n = f2,3

n + g2,3
n for every n ∈N then f3

n → F3 pointwise and∥∥∥∥∥
k∑
i=1

λif
3
i

∥∥∥∥∥
∞

≤M
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥
for every k ∈ N and scalars λ1, . . . , λk. Let (f1,2,3

n ), (g1,2,3
n ) be the convex block

subsequences of (f1,2
n ) and (g1,2

n ) respectively, such that f2,3
n = f1,2,3

n + g1,2,3
n for

every n ∈N. Hence f3
n = f1,2,3

n + g1,2,3
n + g2,3

n for every n ∈ N. We continue in the
obvious way to construct fm,... ,kn and gm,... ,kn for every m, k, n ∈ N with m ≤ k,
so that (gm,... ,kn ), (fm,... ,kn ) to be convex block subsequences of (gm,... ,ln ), (fm,... ,ln )
respectively for every m, l, k ∈N with m ≤ l ≤ k and

fm,... ,kn = fm−1,m,... ,k
n + gm−1,m,... ,k

n(∗)
for every n, k,m ∈ N with 1 < m ≤ k. Also, for every m ∈ N, we construct the
sequence (fmn )∞n=1 converging pointwise to Fm and∥∥∥∥∥

k∑
i=1

λif
m
i

∥∥∥∥∥
∞

≤M
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥(∗∗)

for every k ∈N and scalars λ1, . . . , λk. Finally, we set

hmn = fm,... ,nn and dmn = gm... ,nn

for every m,n ∈N with m ≤ n.
Then, for every m ∈ N, (hmn )∞n=m, (d

m
n )∞n=m are convex block subsequences of

(fmn )∞n=1, (g
m
n )∞n=1 respectively, hence (hmn )∞n=m converges pointwise to Fm, ‖dmn ‖∞

< εm+1 for every m,n ∈ N with m ≤ n and (dmn )∞n=m converges pointwise to
Fm+1 − Fm. Also, according to (∗), we have that

hmn = hm−1
n + dm−1

n = hln + dln + · · ·+ dm−1
n

for every n,m, l ∈N with l < m ≤ n.
We set hn = hnn for every n ∈N. Thus hn = hmn + dmn + · · · + dn−1

n for every
m,n ∈ N with m < n. It is easy to prove that (hn) converges pointwise to f . If
(n1, . . . , nk) ∈ F1 and λ1, λ2, . . . , λk are scalars then∥∥∥∥∥

k∑
i=1

λihni

∥∥∥∥∥
∞

≤
∥∥∥∥∥
k∑
i=1

λih
k
ni

∥∥∥∥∥
∞

+

∥∥∥∥∥
k∑
i=1

λi
(
dkni + · · ·+ dni−1

ni

)∥∥∥∥∥
∞

.

First, since (hkn)∞n=k is a convex block subsequence of (fkn)∞n=1, we have from (∗∗)
that ∥∥∥∥∥

k∑
i=1

λih
k
ni

∥∥∥∥∥
∞

≤M
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ .
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Secondly,∥∥∥∥∥
k∑
i=1

λi
(
dkni + · · ·+ dni−1

ni

)∥∥∥∥∥
∞

≤ εk ·
k∑
i=1

|λi|

≤ 2kεk

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ < δ

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ .
Hence ∥∥∥∥∥

k∑
i=1

λihni

∥∥∥∥∥
∞

≤ (‖f‖1/4 + 2δ) ·
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ .
This gives

‖f‖1s ≤ ‖f‖1/4 + 2δ for every δ > 0

and finally

‖f‖1s ≤ ‖f‖1/4 for every f ∈ B1/4(K).

On the other hand, let (fn) be a sequence in C(K) converging pointwise to f
and C > 0 such that ∥∥∥∥∥

k∑
i=1

λifni

∥∥∥∥∥
∞

≤ C
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥
for every (n1, . . . , nk) ∈ F1 and scalars λ1, . . . , λk. According to a characteriza-
tion of functions in B1/4(K) given by Haydon, Odell and Rosenthal in [H-O-R], a
function f belongs to B1/4(K) if for ε > 0 there exists a sequence (gn)∞n=0 in C(K)
with g0 = 0, converging pointwise to f and such that for every subsequence (gni)
of (gn) and x ∈ K to have ∑

j∈B((ni),x)

|gnj+1(x)− gnj (x)| ≤M,

where

B((ni), x) =
{
j ∈N : |gnj+1(x)− gnj (x)| ≥ ε

}
.

In this case, it is easy to see that ‖f‖1/4 ≤ 4M .
For ε > 0, let m be an integer such that m > C/ε. Set gn = f2m+n for every

n ∈ N. Then, for every strictly increasing sequence (ni) in N and x ∈ K we claim
that #B((ni), x) < m. Indeed, if j1, . . . , jm ∈ B((ni), x), then

m · ε ≤
m∑
i=1

|gnji+1(x)− gnji (x)| =
m∑
i=1

εj(f2m+nji+1 − f2m+nji
)(x) ≤ C,

where ε1, . . . , εm ∈ {−1, 1}), so that εj(f2m+nji+1 − f2m+nji
)(x) ≥ 0, a contradic-

tion. Hence #B((ni), x) < m and thus∑
j∈B((ni),x)

|gnj+1(x)− gnj (x)| ≤ C.

Hence f ∈ B1/4(K) and ‖f‖1/4 ≤ 4 ‖f‖1s.

2.2. Remark. It is easy to prove (see [F1]) that a sequence (xn) in a Banach space
X has a subsequence generating a spreading model equivalent to the summing basis
(sn) if and only if it has a subsequence (yn) with the following property:
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there exist µ,C > 0 such that

µ

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ ≤
∥∥∥∥∥
k∑
i=1

λiyni

∥∥∥∥∥ ≤ C
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥
for every (n1, . . . , nk) ∈ F1 and scalars λ1, . . . , λk.

Hence, it follows from the previous theorem and Remark 1.2, for a compact metric
space K that

B1/4(K)\C(K)=
{
f ∈ B1(K) : there exists (fn) ⊆ C(K) such that fn → f

pointwise and (fn) generates spreading

model equivalent to (sn)
}

.

This result has been proved in [F1] also. Furthermore, it has been proved in [H-O-R]
that every uniformly bounded sequence (fn) in C(K) converging pointwise to a
function in B1/4(K)\C(K) has a convex block subsequence generating a spreading
model equivalent to (sn).

In the following proposition we will give another description of B1/4(K) and we

will prove the equality of the norm ‖ · ‖1s with a norm on B1/4(K) analogous to the
‖ · ‖D-norm on D(K).

2.3. Proposition. For every compact metric space K, a function f : K → R be-
longs to B1/4(K) if and only if there exists (fn) in C(K) such that f =

∑∞
n=1 fn

pointwise and for n0 = f0 = 0,

sup

{∥∥∥∥∥
k∑
i=1

|fni−1+1 + · · ·+ fni |
∥∥∥∥∥
∞

: (n1, . . . , nk) ∈ F1

}
<∞.

Also, for every f ∈ B1/4(K) we have

‖f‖1s = ‖f‖1D = inf

{
sup

{∥∥∥∥∥
k∑
i=1

|fni−1+1 + · · ·+ fni |
∥∥∥∥∥
∞

: (n1, . . . , nk) ∈ F1

}
:

(fn) ⊆ C(K) with f =
∞∑
n=1

fn

}
.

Proof. If f ∈ B1/4(K) then for every ε > 0, from the previous theorem, there exists
(gn)∞n=0 ⊆ C(K), g0 = 0, such that gn → f pointwise and∥∥∥∥∥

k∑
i=1

λigni

∥∥∥∥∥
∞

≤
(
‖f‖1s + ε

) ∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥
for every (n1, . . . , nk) ∈ F1 and scalars λ1, . . . , λk. Set fn = gn − gn−1 for every
n ∈ N. Then f =

∑∞
n=1 fn pointwise. Also, for (n1, . . . , nk) ∈ F1 and x ∈ K we

have

k∑
i=1

|fni−1+1 + · · ·+ fni |(x) =
k∑
i=1

εi(fni−1+1 + · · ·+ fni)(x)

=

∣∣∣∣∣
k∑
i=1

εi(gni − gni−1)

∣∣∣∣∣ (x) =

∣∣∣∣∣
k∑
i=1

(εi − εi+1)gni

∣∣∣∣∣ (x) ≤ |f |1s + ε,
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where εi ∈ {−1, 1} so that εi(fni−1+1 + · · · + fni)(x) ≥ 0 for all i = 1, . . . , k and
εk+1 = 0. This gives that ‖f‖1D ≤ ‖f‖1s for every f ∈ B1/4(K).

On the other hand, let (gn) ⊆ C(K) and C > 0 be such that f =
∑∞
n=1 gn

pointwise and ∥∥∥∥∥
k∑
i=1

|gni−1+1 + · · ·+ gni |
∥∥∥∥∥
∞

≤ C (n0 = g0 = 0)

for every (n1, . . . , nk) ∈ F1. Set fn =
∑n
i=1 gi for every n ∈ N. Of course fn → f

pointwise. Also, for (n1, . . . , nk) ∈ F1, x ∈ K and scalars λ1, . . . , λk we have∣∣∣∣∣
k∑
i=1

λifni

∣∣∣∣∣ (x) =

∣∣∣∣∣
k∑
i=1

λi(g1 + · · ·+ gni)

∣∣∣∣∣ (x)

=

∣∣∣∣∣
k∑
i=1

(λi + · · ·+ λk) · (gni−1+1 + · · ·+ gni)

∣∣∣∣∣ (x)

≤
k∑
i=1

∣∣∣∣∣∣
k∑
j=i

λj

∣∣∣∣∣∣ ·
∣∣∣∣∣∣

ni∑
j=ni−1+1

gj

∣∣∣∣∣∣ (x)

≤
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ ·
 k∑
i=1

∣∣∣∣∣∣
ni∑

j=ni−1+1

gj

∣∣∣∣∣∣
 (x) ≤ C ·

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ .
Hence f ∈ B1/4(K) and ‖f‖1s ≤ ‖f‖1D. This completes the proof.

2.4. Corollary. For every compact metric space K, a function f : K → R belongs
to B1/4(K) if and only if there exists (fn) in C(K) such that fn → f pointwise and
for n0 = f0 = 0,

sup

{∥∥∥∥∥
k∑
i=1

|fni − fni−1|
∥∥∥∥∥
∞

: (n1, . . . , nk) ∈ F1

}
<∞.

Also, for every f ∈ B1/4(K) we have

‖f‖1s = inf
{

sup
{∥∥∥∑k

i=1 |fni − fni−1|
∥∥∥
∞

: (n1, . . . , nk) ∈ F1

}
:

where (fn) ⊆ C(K) and fn → f pointwise
}

.

In the following theorem we will give a characterization of the functions in
B1/4(K) and also an identity for ‖f‖1/4, where f is in B1/4(K), using the transfi-
nite oscillations of f , which have been defined by H. Rosenthal in [R1]. We recall
this definition.

2.5. Definition. [R1] Let K be a metric space. One defines the upper semicontin-
uous envelope Ug of an extended real valued function
g : K → [−∞,+∞] as follows:

Ug = inf{h : K −→ [−∞,∞] : h is continuous and h ≥ g}.
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It is easy to see that for x ∈ K

Ug(x) = lim
y→x

g(y) = max {L ∈ [−∞,+∞] : ∃xn → x, g(xn)→ L}

= inf

{
sup
y∈U

g(y) : U is a neighbourhood of x

}
.

In [R1] the author associates with each bounded function f : K → R a transfinite
increasing family (oscαf)1≤α of upper semicontinuous functions which are called
αth- oscillations of f . They have been defined by induction as follows:

osc0f = 0.

If oscαf has been defined, then for every x ∈ K

õscα+1f(x) = limy→x
(
|f(y)− f(x)|+ oscαf(y)

)
and consequently

oscα+1f = U õscα+1f.

If α is a limit ordinal and oscβf has been defined for all β < α then

õscαf = sup
β<α

oscβf

and consequently

oscαf = U õscαf.

According to [R2], a bounded function f : K → R is in D(K) if and only if
oscαf is a bounded function for every ordinal α. In this case there exists an ordinal
α so that oscαf is bounded and oscαf = oscβf for all β > α. Moreover, letting τ
be the least such α,

‖f‖D = ‖|f |+ oscτf‖∞ .

We will prove an analogous structural result for B1/4(K). Precisely, we will prove
that a bounded function f is in B1/4(K) if and only if oscωf is bounded and when
this occurs then

‖f‖1/4 = ‖|f |+ õscωf‖∞ .
Before the proof of this theorem we will give three lemmas. In the first lemma

we list some elementary relations which are used in the sequel.

2.6. Lemma. Let f, g be bounded functions on a metric space K and α an ordinal
number.

(1) If f ≤ g then Uf ≤ Ug.
(2) U(f + g) ≤ Uf + Ug.
(3) U(f − Ug) = U(Uf − Ug) ≤ U(f − g).
(4) Uf = f if and only if f is upper semicontinuous.
(5) oscαf is an upper semicontinuous [0,+∞]-valued function on K.
(6) oscαtf = |t|oscαf for every t ∈ R.
(7) oscα(f + g) ≤ oscαf + oscαg.
(8) oscα(f + g) = oscαf if g is a continuous function on K.
(9) If oscαf is bounded then U(oscαf ± f) ≤ õscα+1f ± f .
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Proof. The assertions (1)-(8) are easily proved. We will prove (9).
Let x ∈ K. We may choose (yn) a sequence in K tending to x such that

U(oscαf + f)(x) = lim
n→∞

oscαf(yn) + f(yn).

Since the functions f and oscαf are bounded, we may assume without loss of
generality that the limits

lim
n→∞

oscαf(yn), lim
n→∞

|f(yn)− f(x)|, lim
n→∞

f(yn)

all exist. We then have that

õscα+1f(x) ≥ lim
n→∞

(
|f(yn)− f(x)|+ oscαf(yn)

)
= lim

n→∞
|f(yn)− f(x)|+ lim

n→∞
oscαf(yn)

≥ lim
n→∞

(
oscαf(yn) + f(yn)

)
− f(x)

= U(oscαf + f)(x)− f(x).

Thus it is proved that U(oscαf + f) ≤ õscα+1f + f . If instead of f we use −f , we
have that U(oscαf − f) ≤ õscα+1f − f , since õscαf = õscα(−f).

2.7. Lemma. Let f : K → R be a bounded function. For every n ∈ N we have
that

U(oscn+2f − oscn+1f) ≤ U(oscn+1f − oscnf).

Proof. Using (3) of the previous lemma, we have that

U(oscn+2f − oscn+1f) = U(õscn+2f − oscn+1f)

≤ U(õscn+2f − õscn+1f), for every n ∈N.

Hence it is sufficient to prove that

U(õscn+2f − õscn+1f) ≤ U(oscn+1f − oscnf) for every n ∈N.

By (1) and (4) of the previous lemma, the proof of this lemma will be complete as
soon as we prove that

õscn+2f − õscn+1f ≤ U(oscn+1f − oscnf) for every n ∈N.

Case n = 0. We have for x ∈ K,

õsc2f(x)− õsc1f(x) = lim
y→x

(
osc1f(y) + |f(y)− f(x)|

)
− lim
y→x
|f(y)− f(x)|

≤ lim
y→x

osc1f(y) = U(osc1f)(x) = osc1f(x)

(since osc1f is upper semicontinuous).
In general for n > 0, n ∈N, we have for x ∈ K,

õscn+2f(x)− õscn+1f(x)

= lim
y→x

(oscn+1f(y) + |f(y)− f(x)|) − lim
y→x

(oscnf(y) + |f(y)− f(x)|)

≤ lim
y→x

(oscn+1f(y)− oscnf(y)) = U(oscn+1f − oscnf)(x).

This completes the proof.
The following lemma was proved by A. Louveau ([F-L]). For completeness we

give the proof.
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2.8. Lemma. [F-L] Let (gn)∞n=1 be a sequence of bounded, upper semicontinuous
functions on a metric space K with g0 = 0. If the sequence (U(gn+1 − gn))∞n=0 is
decreasing, then U(gn+1 − gn) ≤ 1

n+1 · gn+1 for every n ∈N.

Proof. For n = 0, it reduces to Ug1 ≤ g1, which is trivial since g1 is upper semicon-
tinuous. Suppose we know it for n. For the induction step, it suffices, since gn+2 is
usc, to prove:

gn+2 − gn+1 ≤
gn+2

n+ 2
; i.e., gn+2 ≤

gn+2

n+ 2
+ gn+1.

But since 1 = 1
n+2 + n+1

n+2 , it suffices to show

n+ 1

n+ 2
gn+2 ≤ gn+1, i.e., gn+2 ≤

n+ 2

n+ 1
gn+1 = gn+1 +

1

n+ 1
gn+1.

But this follows immediately from the induction step.

2.9. Theorem. Let K be a metric space. Then

B1/4(K) =
{
f : K → R bounded : oscωf is bounded

}
and

‖f‖1/4 =
∥∥∥ |f |+ õscωf

∥∥∥
∞

for all f ∈ B1/4(K).

Proof. Suppose f ∈ B1/4(K). It follows from the definition of B1/4(K) that for
every ε > 0 one has a sequence (gn) in D(K) with ‖gn−f‖∞ → 0 and supn ‖gn‖D <
‖f‖1/4 + ε. Set εn = ‖gn − f‖∞. Then by induction on k,

osckf ≤ osckgn + 2kεn for every k, n ∈ N.

Hence

|f |+ osckf ≤ |gn|+ εn + osckgn + 2kεn

≤ |gn|+ oscτgn + (2k + 1)εn

≤ ‖gn‖D + (2k + 1)εn for every k, n ∈ N.

Letting first n→∞ and then k → +∞, we get

|f |+ õscωf ≤ sup
n
‖gn‖D ≤ ‖f‖1/4 + ε.

Since ε is arbitrary, we have that

‖|f |+ õscωf‖∞ ≤ ‖f‖1/4
and of course that õscωf and, consequently, oscωf are bounded functions.

On the other hand, let f : K → R be a bounded function with oscωf also
bounded. Set

gn =
λn − U(oscnf − f)

2
− λn − U(oscnf + f)

2
,

where λn = ‖ |f |+ oscnf‖∞ for every n ∈ N. Then gn ∈ D(K) and

‖gn‖D ≤
∥∥λn − 1

2U(oscnf − f)− 1
2 (oscnf + f)

∥∥
∞ ≤

≤ λn ≤ ‖ |f |+ õscωf‖∞ for every n ∈N.

The first inequality holds for every n ∈ N, since from (1), (2) and (4) of Lemma 2.6
we have

U(oscnf − f) + U(oscnf + f) ≥ 2U(oscnf) = 2oscnf ≥ 0 and
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λn − 1
2U(oscnf − f)− 1

2U(oscnf + f)

≥ λn − U(oscnf + |f |) ≥ λn − ‖U(oscnf + |f |)‖∞
= λn − ‖oscnf + |f | ‖∞ = 0.

If we could prove that ‖gn − f‖∞ → 0, then we would have that f ∈ B1/4(K)
and ‖f‖1/4 ≤ ‖ |f |+ õscωf‖∞. Now, according to (9) of Lemma 2.6,

gn − f = 1
2U(oscnf + f)− 1

2U(oscnf − f)− f
≤ 1

2 (õscn+1f + f)− 1
2 (oscnf − f)− f

= 1
2 (õscn+1f − oscnf) ≤ 1

2 (oscn+1f − oscnf) for every n ∈N.

On the other direction,

gn − f = 1
2U(oscnf + f)− 1

2U(oscnf − f)− f
≥ 1

2 (oscnf + f)− 1
2 (õscn+1f − f)− f

= − 1
2 (õscn+1f − oscnf) ≥ − 1

2 (oscn+1f − oscnf) for every n ∈N.

Hence

|gn − f | ≤
1

2
(oscn+1f − oscnf) for every n ∈N.

According to Lemma 2.7, the sequence (U(oscn+1f − oscnf))∞n=0 is decreasing.
Hence, using Lemma 2.8, we have that

|gn − f | ≤
1

2
(oscn+1f − oscnf) ≤ 1

2
U(oscn+1f − oscnf)

≤ 1

n+ 1
oscn+1f ≤

1

n+ 1
oscωf ≤

1

n+ 1
‖oscωf‖∞.

Thus ‖gn − f‖∞ ≤ 1
n+1 · ‖oscωf‖∞ and, finally, ‖gn − f‖∞ → 0. This finishes the

proof of the theorem.

2.10. Remark. Using the invariants (fα)1≤α which have been introduced by Kechris
and Louveau in [K-L] and which are similar to the αth- oscillations of the function
f , we proved with Louveau ([F-L]) that a bounded function f is in B1/4(K) if and
only if fω is bounded and in this case

1

3
‖fω‖∞ ≤ ‖f‖1/4 ≤ 4‖fω‖∞ + 5‖f‖∞.

But the previous theorem shows that the transfinite oscillations appear to be
more appropriate than the fα’s.

After proving this theorem, I learned that H. Rosenthal ([R2]) had an analogous
result. Precisely, he proved in [R2] that f belongs to B1/4(K) (case f : K → C) if
and only if oscωf is bounded and when this occurs and f is real valued,

1

2
(‖f‖∞ + ‖oscωf‖∞) ≤ ‖f‖1/4 ≤ ‖f‖∞ + 3 ‖oscωf‖∞.

3. A Classification of B1/4(K)

We will define a classification of B1/4(K), where K is a separable metric space,
into a decreasing hierarchy (Sξ(K))1≤ξ<ω1 of Banach spaces whose intersection is
equal to D(K). The functions in Sξ(K) have a property stronger than the one
of the functions in B1/4(K) which is described in Proposition 2.3. Precisely, the
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families Fξ, which have been defined by D. Alspach and S. Argyros in [A-A], are
used instead of the Schreier family F1. We quote the definition of the Fξ’s.

3.1. Definition ([A-A]). For every limit ordinal ξ, let (ξn) be a sequence of ordinal
numbers strictly increasing to ξ. Then F0 = {{n} : n ∈N}.

Suppose that Fξ is defined, then

Fξ+1 = {F ⊆ N : F ⊆ F1 ∪ · · · ∪ Fn with {n} < F1 < · · · < Fn and Fi ∈ Fξ
for all i = 1, . . . , n} .

If ξ is a limit ordinal, Fξ = {F ⊆ N : F ∈ Fξn and {n} ≤ F}.
Using the families Fξ, for every ordinal ξ, we extended the notion of spreading

model in [F2] as follows:

3.2. Definition ([F2]). Let X be a Banach space, ξ an ordinal number and (xn) a
sequence in X . We say that (xn) generates spreading model of order ξ equivalent
to a basic sequence (en) if there exist µ > 0 and C > 0 such that:

µ

∥∥∥∥∥
k∑
i=1

λieni

∥∥∥∥∥ ≤
∥∥∥∥∥
k∑
i=1

λixni

∥∥∥∥∥ ≤ C
∥∥∥∥∥
k∑
i=1

λieni

∥∥∥∥∥
for every (n1, . . . , nk) ∈ Fξ and scalars λ1, . . . , λk.

Now we will define the spaces Sξ(K) for every ordinal ξ, which are characterized
by spreading models of order ξ equivalent to the summing basis (sn) of c0.

3.3. Definition. Let K be a metric space and ξ an ordinal number. We define the
space

Sξ(K)=
{
f : K → R : there exists (fn) ⊆ C(K) and C > 0 such that fn → f

pointwise and ‖
∑k
i=1 λifni‖∞ ≤ C ‖

∑k
i=1 λisi‖ for

every (n1, . . . , nk) ∈ Fξ and scalars λ1, . . . , λk
}

and the norm ‖ · ‖ξs on it as follows:

‖f‖ξs = inf
{
C > 0 : there exists (fn) ⊆ C(K) such that fn → f pointwise and

‖
∑k
i=1 λifni‖∞ ≤ C ‖

∑k
i=1 λisi‖ for every (n1, . . . , nk) in

Fξ and scalars λ1, . . . , λk
}

If K is a compact metric space, it is easy to prove (see Remark 1.2) that

Sξ(K) \ C(K) =
{
f : K → R : there exists (fn) in C(K) such that fn → f

pointwise and (fn) generates spreading model

of order ξ equivalent to (sn)
}
.

Of course, S1(K) = B1/4(K) for a compact metric space K. Also, for every
ordinal number ξ, Sξ(K) is a linear subspace of B1(K). Although the family
(Fξ)1≤ξ is not increasing, it has the property: for every 1 ≤ β < ξ, there exists
n0 = n0(β, ξ) in N such that if A ∈ Fβ and {n0} ≤ A then A ∈ Fξ. Hence, it is
easy to prove that the family (Sξ(K))1≤ξ is decreasing and, also, ‖f‖βs ≤ ‖f‖ξs for
every 1 ≤ β < ξ and f in Sξ(K).

3.4. Proposition. For every ordinal number ξ,
(
Sξ(K), ‖ · ‖ξs

)
is a Banach space.
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Proof. Let ξ be an ordinal number and (Fn) a Cauchy sequence in (Sξ(K), ‖ · ‖ξs).
We can assume that ‖Fn+1 − Fn‖ξs < 1

2n for every n ∈ N. So, for every n ∈ N
we can find a sequence (φnm)∞m=1 ⊆ C(K) converging pointwise to Fn+1 − Fn and
satisfying ∥∥∥∥∥

k∑
i=1

λiφ
n
mi

∥∥∥∥∥
∞

≤ 1

2n

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥
for every (m1, . . . ,mk) ∈ Fξ and scalars λ1, . . . , λk. Since ‖f‖∞ ≤ ‖f‖ξs for every
f ∈ Sξ(K), there exists F ∈ B1(K) such that ‖Fn − F‖∞ → 0.

Let n0 ∈ N. Set Φn = Fn+1 − Fn for every n ∈ N, and fn = φn0
n + · · ·+ φnn for

every n ≥ n0. Then F − Fn0 =
∑∞
n=n0

Φn. Also, fn → F − Fn0 pointwise. Indeed,∥∥fn − (φn0
n + · · ·+ φln)

∥∥
∞ =

∥∥φl+1
n + · · ·+ φnn

∥∥
∞ ≤

n∑
i=l+1

1

2i
=

1

2l

for every n0 ≤ l < n ∈ N. Hence, letting n → ∞, we have for every x ∈ K and
l ≥ n0,

Φn0(x) + · · ·+ Φl(x)− 1

2l
≤ limnfn(x) ≤ limnfn(x) ≤ Φn0(x) + · · ·+ Φl(x) +

1

2l
.

Letting l →∞, this gives that fn → F − Fn0 pointwise.
On the other hand, for every (n1, . . . , nk) ∈ Fξ and scalars λ1, . . . , λk we have

that ∥∥∥∥∥
k∑
i=1

λifni

∥∥∥∥∥
∞

=

∥∥∥∥∥
k∑
i=1

(
λiφ

n0
ni + · · ·+ λiφ

ni
ni

)∥∥∥∥∥
∞

≤
n1∑
j=n0

∥∥∥∥∥
k∑
i=1

λiφ
j
ni

∥∥∥∥∥
∞

+

n2∑
j=n1+1

∥∥∥∥∥
k∑
i=2

λiφ
j
ni

∥∥∥∥∥
∞

+ · · ·+
nk∑

j=nk−1+1

|λk|
∥∥φjnk∥∥∞

≤
n1∑
j=n0

1

2j

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥+
n2∑

j=n1+1

1

2j

∥∥∥∥∥
k∑
i=2

λisi

∥∥∥∥∥+ · · ·+
nk∑

j=nk−1+1

1

2j
‖λksk‖

≤

 ∞∑
j=n0

1

2j

 · 2 · ∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ =
1

2n0
·
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ .
Hence F − Fn0 ∈ Sξ(K), whence F ∈ Sξ(K). Also, we have that

‖F − Fn0‖ξs ≤
1

2n0
for every n0 ∈ N,

which gives that (Fn) converges to F with respect to the ‖·‖ξs-norm. This completes
the proof.

We will give more descriptions of the spaces Sξ(K) in analogy to B1/4(K) (see
Proposition 2.3 and Corollary 2.4).

3.5. Proposition. For every metric space K and ordinal number ξ, a function
f : K → R belongs to Sξ(K) if and only if there exists (fn) in C(K) such that
f =

∑∞
n=1 fn pointwise and for n0 = f0 = 0,

sup

{∥∥∥∥∥
k∑
i=1

|fni−1+1 + · · ·+ fni |
∥∥∥∥∥
∞

: (n1, . . . , nk) ∈ Fξ

}
<∞.
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Also, for every f ∈ Sξ(K),

‖f‖ξs = inf
{

sup
{∥∥∥∑k

i=1 |fni−1+1 + · · ·+ fni |
∥∥∥
∞

: (n1, . . . , nk) ∈ Fξ
}

:

for every (fn) in C(K) with f =
∑
n fn pointwise

}
.

Proof. The proof is analogous to the proof of Proposition 2.3.

3.6. Corollary. For every metric space K and ordinal number ξ, a function f :
K → R belongs to Sξ(K) if and only if there exists (fn) in C(K) such that fn → f
pointwise and for n0 = f0 = 0,

sup

{∥∥∥∥∥
k∑
i=1

|fni − fni−1|
∥∥∥∥∥
∞

: (n1, . . . , nk) ∈ Fξ

}
<∞.

Also, for every f ∈ Sξ(K),

‖f‖ξs = inf
{

sup
{∥∥∥∑k

i=1 |fni − fni−1 |
∥∥∥
∞

: (n1, . . . , nk) ∈ Fξ
}

:

for every (fn) ⊆ C(K) with fn → f pointwise
}

.

From a result in [F2], we have the following connection between the functions in
Sξ(K) and the transfinite oscillations.

3.7. Theorem ([F2]). Let K be a metric space and ξ an ordinal number. Then

Sξ(K) ⊆
{
f : K → R : oscωξf is bounded

}
.

Proof. It follows from the proof of Theorem 9 in [F2] that, for every function f in
Sξ(K), the function uωξ(f) is bounded (the functions uα(f), were introduced in
[R1] and are similar to the αth- oscillations of f). But, as it is proved in [R1],

oscαf ≤ uα(f) + uα(−f)

for every ordinal number α. Hence, oscωξf is bounded.
This theorem yields immediately the following result.

3.8. Theorem. Let K be a separable metric space. The intersection of all the
classes Sξ(K), 1 ≤ ξ < ω1, is equal to D(K).

Proof. It follows from the previous theorem and the fact that f belongs to D(K)
if and only if oscαf is bounded for every countable ordinal α ([R1]).

In [F2] we defined for every ordinal ξ the notion of a null-coefficient of order ξ
(ξ-n.c.) sequence in a Banach space and we proved that every bounded, Baire-1
function f with oscωξf unbounded has the property that every bounded sequence of
continuous functions converging pointwise to f is null-coefficient of order ξ. We will
prove in the sequel that this property characterizes the functions in B1(K)\Sξ(K).

3.9. Definition ([F2]). A sequence (xn) in a Banach space is called null-coefficient
of order ξ (ξ-n.c), where ξ is an ordinal number, if whenever the scalars (cn) satisfy:

sup

{∥∥∥∥∥
k∑
i=1

cn2i(xn2i − xn2i−1)

∥∥∥∥∥ : (n1, . . . , n2k) ∈ Fξ

}
<∞

the sequence (cn) converges to 0.
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3.10. Proposition. Let ξ be an ordinal number, and (xn) a weak-Cauchy and non-
weakly convergent sequence in a Banach space. Then (xn) is not null-coefficient of
order ξ if and only if it has a subsequence with spreading model of order ξ equivalent
to the summing basis of c0.

Proof. If (xn) is not null-coefficient of order ξ then there exists a bounded sequence
of scalars (cn) such that (cn) is not null-converging and∥∥∥∥∥

k∑
i=1

cn2i(xn2i − xn2i−1)

∥∥∥∥∥ ≤ 1(∗)

for every (n1, . . . , n2k) ∈ Fξ.
So we can find ε > 0 and a subsequence (cnt) of (cn) such that cnt > ε for every

t ∈N (otherwise replace cn by −cn).
Consider xn, n ∈ N, as elements of C(K), where K is the unit ball of the

dual of X = [xn], the closed subspace generated by (xn), with respect to the
weak∗-topology. Since (xn) converges with respect to the w∗-topology to a function
x∗∗ ∈ X∗∗ \X (Remark 1.2) there exists a subsequence (xnts ) of (xnt) and µ > 0
such that

µ

∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ ≤
∥∥∥∥∥
k∑
i=1

λixnti

∥∥∥∥∥
for every k ∈ N and scalars λ1, . . . , λk. Set ys = xnts and cnts = as for every
s ∈N.

We will prove that the subsequence (ys) of (xn) has spreading model of order ξ
equivalent to the summing basis (sn) of c0. Indeed, for every (s1, . . . , sk) ∈ Fξ and
x ∈ K we have ys0 = y0 = 0 and

k∑
i=1

|ysi − ysi−1 |(x) ≤ 1

ε

k∑
i=1

asi |ysi − ysi−1 |(x)

=

∣∣∣∣∣1ε
k∑
i=1

asi · εsi(ysi − ysi−1)

∣∣∣∣∣ (x) (where εsi ∈ {−1, 1})

≤ 1

ε
as1‖ys1‖+

1

ε

∣∣∣∣∣
k∑
i=2
i odd
εsi=1

asi(ysi − ysi−1)

∣∣∣∣∣ (x)

+
1

ε

∣∣∣∣∣
k∑
i=2
i odd

εsi=−1

asi(ysi − ysi−1)

∣∣∣∣∣ (x) +
1

ε

∣∣∣∣∣
∞∑
i=2
i even
εsi=1

asi(ysi − ysi−1)

∣∣∣∣∣ (x)

+
1

ε

∣∣∣∣∣
∞∑
i=2
i even
εsi=−1

asi(ysi − ysi−1)

∣∣∣∣∣ (x) ≤ 4

ε
+

1

ε
· ‖(cn)‖∞ · ‖(‖xn‖)‖∞ = C.

In the last inequality we used (∗) and the fact that every subset H of a set F
belonging to Fξ is in Fξ as well and that (nts1 , . . . , ntsk ) ∈ Fξ for every (s1, . . . , sk)
in Fξ.
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Finally, for every (s1, . . . , sk) ∈ Fξ and scalars λ1, . . . , λk we have∥∥∥∥∥
k∑
i=1

λiysi

∥∥∥∥∥ =

∥∥∥∥∥
k∑
i=1

(λi + · · ·+ λk)(ysi − ysi−1)

∥∥∥∥∥ ≤ C
∥∥∥∥∥
k∑
i=1

λisi

∥∥∥∥∥ ,
which completes the proof.

3.11. Theorem. Let K be a metric space and ξ an ordinal number. Then

B1(K) \ Sξ(K) =
{
f ∈ B1(K) : every bounded sequence (fn) in C(K) converging

pointwise to f is null-coefficient of order ξ
}

.

Proof. Let f ∈ B1(K) \ Sξ(K) and a bounded sequence (fn) in C(K) converging
pointwise to f . Then (fn) is null-coefficient of order ξ. Indeed, if (fn) is not ξ-n.c.,
then according to the proof of the previous proposition, we can find a subsequence
(gn) of (fn) and C > 0 such that∥∥∥∥∥

k∑
i=1

|fni − fni−1 |
∥∥∥∥∥
∞

≤ C

for all (n1, . . . , nk) ∈ Fξ. Hence, it follows from Corollary 3.6 that f ∈ Sξ(K), a
contradiction.

On the other hand, if f ∈ Sξ(K) then there exists a sequence (fn) ⊆ C(K)
converging pointwise to f and C > 0 such that∥∥∥∥∥

k∑
i=1

|fni − fni−1 |
∥∥∥∥∥
∞

≤ C

for every (n1, . . . , nk) ∈ Fξ, according to Corollary 3.6. Thus, if cn = 1 for every
n ∈ N, we have∥∥∥∥∥

k∑
i=1

(fn2i − fn2i−1)

∥∥∥∥∥
∞

≤
∥∥∥∥∥
k∑
i=1

|fn2i − fn2i−1 |
∥∥∥∥∥
∞

≤
∥∥∥∥∥

2k∑
i=1

|fni − fni−1 |
∥∥∥∥∥
∞

≤ C

for every (n1, . . . , n2k) ∈ Fξ. Hence (fn) is not null-coefficient of order ξ.
This completes the proof.

3.12. Corollary. Let K be a compact metric space. Then

B1(K) \B1/4(K)=
{
f ∈ B1(K) : every bounded sequence (fn) in C(K)

converging pointwise to f is null-coefficient of order 1
}

.
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